The aim of this investigation is to derive a spherical harmonic representation of the hydromagnetic equations (induction and hydrodynarmic) governing the dynamo action in a rotating homogeneous incompressible liquid core. The spherical harmonic analysis of the induction equation is well known (1, 2). The hydrodynamic equation also lends itself to a similar analysis, requiring as coefficients only the integrals over triplet products of Legendre functions and of their derivatives which appear in the Bullard-Gellman formalism. For each spherical harmonic Ynm, the respective coefficients S.m(r,t)
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and Tl"'(r,t) of the poloidal and toroidal components of the velocity field obey each a partial (nonlinear) differential equtation (40 and 58) in the independent variables r and t. If viscosity is neglected, then the only channel of dissipation is joule heating. This leads to the result that the total energy W, consisting of the sum of the kinetic energy and the magnetic energy, decays at a rate determined by the joule heat dissipation alone (Eq. 83).
The velocity field displays a characteristic dynamic difference from the magnetic field, in that it has an intrinsic period of the order of one revolution, whereas the magnetic field is more sluggish; responding over a time scale comparable to that of its free decay, which is of the order of 104 years. The velocity field sees in the Lorentz term a force which is nearly constant in time, while during the course of a day the variable velocity idi the induction equation produces only a ripple of small amplitude in the large stored magnetic field.
In section 1 [9]
Here 1, denotes the unit vector in the z-direction.
We note that we have adopted a common time-scale ri for both Eqs. 8 and 9, of b/Uo, the time it takes to travel a distance equal to the radius of the sphere b with the velocity Uo.
This unit of time is appropriate for the hydrodynamic Eq. 1 where it stems from the ratio of the convective terms to the linear term in the velocity. The induction Eq. 3, however, has a natural time scale 72 of T2 = 4xb2/*, representing the rate of free decay by joule dissipation. In the context of the dynamo theory of the Earth's magnetic field (3) , 72 >> r1, and this disparity in the characteristic time scales manifests itself in the time evolution of the hydromagnetic process in the dynamo.
Assuming incompressibility, we have divu = 0, We also have div H = 0.
[10]
[ We note that in order to determine the velocity field u, we must integrate Eqs. 40 and 58, subject to 20, and the boundary condition S,(r,t) = 0, r = 1.
[61]
The spherical harmonic analysis of the induction Eq. 9 is well known (2) . In our notation it takes on the form 6. 1 In order to obtain the kinetic energy balance, we multiply Eq. 1 by pu, and get, for constant p, /2p(a/t)u2 = u -(j X H) -pu*grad x + uu.V2u + pu F, [71] where / denotes the coefficient of viscosity. The Coriolis term and the convective term drop out because they are orthogonal to u. We now integrate 71 over the volume V of the sphere, and, making use of the relations U-V2U = -,2 + div (u X a), u*grad x = div (xu), [72] [73]
where dS' denotes the element of the surface of the sphere 2rdo sin Odo. [85]
It can be shown that account can be taken of the term pu -F in 71 by adding to the right-hand side of 83 a term B given by B = 2 Nn f (Sn-qn + Tntn)dr. no [86] 4. DISCUSSION The spherical harmonic analysis of the hydrodynamic Eq. 1 has led to the system of Eqs. 40 and 58, while the induction Eq. 3 yielded the Eqs. 62 and 63. If the nature of the driving terms tn in 40 and qn in 58, stemming from the "bouyancy" forces, were known, one could integrate this simultaneous system of four equations to obtain the time-evolution of the dynamo process, starting from a given initial state.
The possibility of applying the Bullard-Gellman expansion method to the hydrodynamic Eq. 1 was pointed out by Roberts (4). While this paper was in preparation there appeared a paper by Frazer (5), in which a spherical harmonic representation is given for the linearized form of the hydrodynamic equation. The inclusion of the quadratic convective terms can, however, easily be effected, by analogy with the terms representing the Lorentz force. Frazer's equations agree with ours except for two errors: the signs in front of the terms y(,y + 1)Ta(6S,/0x) and ['y('y + l)1x1](bTa/1x)(bT/01x) in his Eqs. 17 and 21 should be negative. Our equations are more compact, and the explicit representation of the terms stemming from the Coriolis force brings out clearly the coupling scheme. Our solution of the hydrodynamic equation for the pressure, as well as the energy integral, should be useful in applications to atmospheric flows and to investigations of stellar models.
